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Abstract
We discuss the central charge in supersymmetric N = 2 sigma models in
two dimensions. The target space is a symmetric Ka¨hler manifold; CP(N−1)
is an example. The U(1) isometries allow one to introduce twisted masses in
the model. At the classical level the central charge contains Noether charges
of the U(1) isometries and a topological charge which is an integral of a to-
tal derivative of the Killing potentials. At the quantum level the topological
part of the central charge acquires anomalous terms. A bifermion term was
found previously, using supersymmetry which relates it to the superconformal
anomaly. We present a direct calculation of this term using a number of regu-
larizations. We derive, for the first time, the bosonic part in the central charge
anomaly. We construct the supermultiplet of all anomalies and present its
superfield description. We also discuss a related issue of BPS solitons in the
CP(1) model and present an explicit form for the curve of marginal stability.
1 Introduction
It is well known that supersymmetric theories may have BPS sectors in which some
data can be computed at strong coupling even when the full theory is not solvable.
Historically, this is how the first exact results on particle spectra were obtained [1].
Seiberg–Witten’s breakthrough results [2, 3] in the mid-1990’s gave an additional
motivation to the studies of the BPS sectors.
BPS solitons can emerge in those supersymmetric theories in which superalgebras
are centrally extended. In many instances the corresponding central charges are
seen at the classical level. In some interesting models central charges appear as
quantum anomalies. Witten suggested in 1978 that such central charge should arise
in two-dimensional CP(N −1) models [4]. His conjecture was based on the fact
that the solution he obtained in the 1/N expansion revealed the BPS nature of
the soliton supermultiplets. Rather recently [5] the central charge responsible for
the multiplet shortening was identified as
∫
dz(∂/∂z) (Rij¯ ψ
†j¯
Rψ
i
L) in the classically
vanishing anticommutator {QL, Q†R}. The above bifermion operator emerges as a
quantum anomaly and acquires a nonperturbative vacuum expectation value of order
of the scale parameter Λ which determines the mass of the BPS kink. Another well-
known examples of this type are the (1, 0) central charges in N = 1 and N = 2
four-dimensional supersymmetric Yang–Mills (SYM) theories. In the case of N = 1
the central charge plays a crucial role in domain walls [6], and in N = 2 SYM it gives
the masses of all BPS states in the Seiberg–Witten solution.1
Anomaly in the central charges was extensively discussed in the case of two-
dimensional Ginzburg–Landau models with minimal, N = 1, supersymmetry, see
Ref. [8] and references therein. These models are superrenormalizable. In contrast,
the N = 2 CP(N−1) models are logarithmic and in this respect much closer to 4D
SYM.
As is well known, two-dimensional CP(N−1) models allow an extension [9] which
preserves N = 2 supersymmetry and introduces, in addition to Λ, free parameters
ma, the twisted masses. When the twisted mass is much larger than Λ one can treat
the model quasiclassically. This provides a close parallel with the four-dimensional
Seiberg–Witten analysis. In fact, the two-dimensional CP(1) model with twisted
mass was exactly solved [10] in the same sense as the Seiberg–Witten solution of
N = 2 gauge theory in four dimensions. Among other consequences, examination of
the exact solution reveals the necessity of a bosonic anomalous term in the central
charge.
In this paper we present a complete analysis of all anomalies, with emphasis on
1This central charge anomaly was discussed in Ref. [7]
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the central charge anomaly, in two-dimensional sigma models with twisted masses.
First, we present the most general form of the N = 2 superalgebra in two dimen-
sions compatible with Lorentz invariance. Generally speaking, it could contain two
complex central charges; only one of them appears in the CP(N−1) model. Then we
briefly summarize what was known previously of the central charges in this model.
At m = 0 the anomalous bifermion term was found in [5]. Analyzing Dorey’s exact
solution [10], valid at arbitrary m, in the quasiclassical limit of large m we arrive at
the conclusion that an additional bosonic operator in the central charge anomaly is
inevitable.
Then we consider the conserved operators — vector current, supercurrent, and
the energy-momentum tensor — which are combined in one supermultiplet. They
enter different components of the superfield Tµ, which we suggest to call hypercurrent
(instead of the term “supercurrent” used in the literature). The current of the central
charge also enters the hypercurrent. We then derive the superconservation equation,
the right-hand side of which contains the supermultiplet of all anomalies. Such an
equation has been known in four-dimensional super-Yang–Mills theory since 1970s
[11]. Surprisingly, an analogous equation has never been derived in two-dimensional
N = 2 CP(N−1) model.2 Here we close this gap. The superfield equation explicitly
demonstrates that a single (one-loop) constant governs all anomalies. Thus, it can
be established from any of them. In particular, we work out in detail a derivation
whose starting point is the superconformal anomaly. It generalizes that of Ref. [5]. In
principle, we could have stopped here. We carry out extra demonstrations, however.
Using various explicit ultraviolet regularizations (Pauli–Villars regularization, higher
derivatives) we calculate both the bosonic and bifermion terms in the central charge
anomaly by virtue of a direct one-loop computation. Our result for the central
charge successfully goes through a variety of checks: renormalization-group analysis,
compatibility with exact formulae [10], etc.
Finally, the last section of the paper treats an issue indirectly related to the central
charge problem. Namely, building on the results obtained in [10] we calculate the
curve of marginal stability in CP(1). This issue is of interest also due to its relation
to the BPS sector in 4D N = 2 SQCD with matter. We discuss this relation.
2 Sigma models with twisted mass
Let us first briefly review the N = 2 supersymmetric sigma-models in 1+1 di-
mensions, xµ = {t, z}. The target space is the d-dimensional Ka¨hler manifold
2 For the minimal N = 1 supersymmetry in two dimensions the hypercurrent was treated in [12].
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parametrized by the fields φi, φ† j¯, i, j¯ = 1, . . . , d, which are the lowest components
of the chiral and antichiral superfields
Φi(xµ + iθ¯γµθ), Φ†j¯(xµ − iθ¯γµθ).
With no twisted mass a generic Lagrangian of the N = 2 supersymmetric sigma-
model is [13]
Lm=0 =
∫
d4θK(Φ,Φ†) = Gij¯
[
∂µφ† j¯ ∂µφ
i + iψ¯j¯γµDµψ
i
]− 1
2
Rij¯kl¯ (ψ¯
j¯ψi)(ψ¯ l¯ψk) ,
(2.1)
where K(Φ,Φ†) is the Ka¨hler potential,
Gij¯ =
∂2K(φ, φ†)
∂φi∂φ† j¯
is the Ka¨hler metric, Rij¯kl¯ is the Riemann tensor,
Dµψ
i = ∂µψ
i + Γikl∂µφ
kψl
is the covariant derivative, and we use the notation θ¯ = θ†γ0, ψ¯ = ψ†γ0 for the
fermion objects. The gamma-matrices are chosen as
γ0 = γt = σ2 , γ
1 = γz = iσ1 , γ5 ≡ γ0γ1 = σ3 . (2.2)
To deal with renormalizable models we limit our consideration to symmetric
Ka¨hler manifolds, see Ref. [14] for definitions and classification. For symmetric
manifolds the Ricci-tensor Rij¯ is proportional to the metric,
Rij¯ =
g20
2
bGij¯ . (2.3)
The coefficient b coincides with the first (and the only) coefficient in the Gell-Mann–
Low function. The CP(N−1) model is an example which we use as a reference point.3
In this model the target space is CP(N−1) with d = N−1 coordinates and b = N .
For the massless CP(N−1) model a particular choice of the Ka¨hler potential
Km=0 =
2
g20
log
(
1 +
N−1∑
i,j¯=1
Φ† j¯δj¯iΦ
i
)
(2.4)
3The CP(N−1) model is a special case, n = N−1, m = 1, of the Grassmann models with the
symmetric Ka¨hler manifold SU(n+m)/SU(n)⊗ SU(m)⊗U(1).
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corresponds to the round Fubini–Study metric.
Let us briefly remind how one can introduce the twisted mass parameters [9,10].
The theory (2.1) can be interpreted as an N = 1 theory of d chiral superfields in four
dimensions. The theory possesses some number r of U(1) isometries parametrized by
ta, a = 1, . . . , r. The Killing vectors of the isometries can be expressed via derivatives
of the Killing potentials Da(φ, φ†),
dφi
d ta
= −iGij¯ ∂D
a
∂φ† j¯
,
dφ† j¯
d ta
= iGij¯
∂Da
∂φi
. (2.5)
This defines U(1) Killing potentials up to additive constants.
In the case of CP(N−1) there are N−1 isometries evident from the expression
(2.4) for the Ka¨hler potential,
δφi = −iδta(T a)ik(φ)k , δφ† j¯ = iδta(T a)j¯l¯φ† l¯ , a = 1, . . . , N − 1 , (2.6)
(together with the similar variation of fermionic fields), where the generators T a have
a simple diagonal form,
(T a)ik = δ
i
aδ
a
k , a = 1, . . . , N − 1 . (2.7)
The explicit form of the Killing potentials Da in CP(N−1) with the Fubini–Study
metric is
Da =
2
g20
φ†T aφ
1 + φ†φ
, a = 1, . . . , N − 1 . (2.8)
Here we use the matrix notation implying that φ is a column φi and φ† is a row φ†j¯ .
The isometries allow us to introduce an interaction with r external U(1) gauge
superfields Va by modifying, in a gauge invariant way, the Ka¨hler potential (2.4),
Km=0(Φ,Φ
†)→ Km(Φ,Φ†, V ) . (2.9)
For CP(N−1) this modification takes the form
Km =
2
g20
log
(
1 + Φ† eVaT
a
Φ
)
. (2.10)
In every gauge multiplet Va let us retain only the A
a
x and A
a
y components of the gauge
potentials taking them to be just constants,
Va = −maθ¯(1 + γ5)θ − m¯aθ¯(1− γ5)θ , (2.11)
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where we introduced complex masses ma as linear combinations of constant U(1)
gauge potentials,
ma = A
a
y + iA
a
x , m¯a = m
∗
a = A
a
y − iAax . (2.12)
In spite of the explicit θ dependence the introduction of masses does not break N = 2
supersymmetry. One way to see this is to notice that the mass parameters can be
viewed as the lowest components of the twisted chiral superfields D2D¯1Va.
Now we can go back to two dimensions implying that there is no dependence
on x and y in the chiral fields. It gives us the Lagrangian with the twisted masses
included [9, 10]:
Lm =
∫
d4θKm(Φ,Φ
†, V )
= Gij¯ gMN
[DMφ† j¯ DNφi + iψ¯j¯γMDNψi]− 1
2
Rij¯kl¯ (ψ¯
j¯ψi)(ψ¯ l¯ψk) ,
(2.13)
where Gij¯ = ∂i∂j¯Km|θ=θ¯=0 is the Ka¨hler metric and summation over M includes,
besides M = µ = 0, 1, also M = +,−. The metric gMN and extra gamma-matrices
are
gMN =


1 0 0 0
0 −1 0 0
0 0 0 −1
2
0 0 −1
2
0

 , γ+ = −i(1 + γ5) , γ− = i(1− γ5) . (2.14)
The gamma-matrices satisfy the following algebra:
Γ¯MΓN + Γ¯NΓM = 2gMN , (2.15)
where the set Γ¯M differs from ΓM by interchanging of the +,− components, Γ¯± = Γ∓.
The gauge covariant derivatives DM are defined as
Dµφ = ∂µφ , D+φ = −m¯aT aφ , D−φ = maT aφ ,
Dµφ† = ∂µφ† , D+φ† = φ†T am¯a , D−φ† = −φ†T ama ,
(2.16)
and similarly for DMψ, while the general covariant derivatives DMψ are
DMψi = DMψi + ΓiklDMφk ψl . (2.17)
Let us present explicit expressions in the case of CP(1). In this case a single
complex field φ(t, z) serves as coordinate on the target space which is equivalent
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to S2. The Ka¨hler and Killing potentials, K and D, the metric G, the Christoffel
symbols Γ, Γ¯ and the Ricci tensor R are then
Km
∣∣
θ=θ¯=0
=
2
g20
logχ , D =
2
g20
φ†φ
χ
, G = G11¯ = ∂φ∂φ†Km
∣∣
θ=θ¯=0
=
2
g20 χ
2
,
Γ = Γ111 = −2
φ†
χ
, Γ¯ = Γ1¯1¯1¯ = −2
φ
χ
, R = R11¯ = −G−1R11¯11¯ = 2
χ2
,
(2.18)
where we use the notation
χ ≡ 1 + φ φ† . (2.19)
The Lagrangian of the CP(1) model takes the following form [9]:
LCP (1) = G
{
DMφ†DMφ+ iψ¯γMDMψ + R
2
(ψ¯ψ)2
}
= G
{
∂µφ
† ∂µφ− |m|2 φ† φ+ iψ¯γµ∂µψ − 1− φ
† φ
χ
ψ¯ µψ
− 2i
χ
φ†∂µφ ψ¯γ
µψ +
1
χ2
(ψ¯ψ)2
}
,
(2.20)
where
µ = m
1 + γ5
2
+ m¯
1− γ5
2
. (2.21)
One can also add the θ term
ig20 θ
4pi
G εµν∂µφ
† ∂νφ ,
which is a total derivative, to the Lagrangian (2.20). The vacuum angle θ enters
physics in the combination θ + 2 argm, where argm is the phase of the complex
mass m, so we can safely include θ into this phase.
In terms of components of ψ,
ψ =
(
ψR
ψL
)
, (2.22)
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the Lagrangian (2.20) can be rewritten as
LCP (1) = G
{
∂µφ
† ∂µφ− |m|2φ† φ+ i
2
(
ψ†L
↔
∂RψL + ψ
†
R
↔
∂LψR
)
− i 1− φ
† φ
χ
(
mψ†LψR + m¯ψ
†
RψL
)− i
χ
[
ψ†LψL
(
φ†
↔
∂Rφ
)
+ ψ†R ψR
(
φ†
↔
∂Lφ
)]
− 2
χ2
ψ†L ψL ψ
†
R ψR
}
,
(2.23)
where
∂L =
∂
∂t
+
∂
∂z
, ∂R =
∂
∂t
− ∂
∂z
. (2.24)
3 Superalgebra
The most general form of the centrally extended algebra for four supercharges Qα,
Q†β consistent with Lorentz symmetry in 1+1 dimensions is
{
Qα, Q
†
β
}
(γ0)βγ = 2
[
Pµγ
µ + Z
1− γ5
2
+ Z†
1 + γ5
2
]
αγ
,
{
Qα, Qβ
}
(γ0)βγ = −2Z ′ (γ5)αγ ,
{
Q†α, Q
†
β
}
(γ0)βγ = 2Z
′† (γ5)αγ .
(3.1)
The algebra contains two complex central charges, Z and Z ′. In terms of components
Qα = (QR, QL) the nonvanishing anticommutators are
{QL, Q†L} = 2(H + P ) , {QR, Q†R} = 2(H − P ) ,
{QL, Q†R} = 2iZ , {QR, Q†L} = −2iZ† ,
{QL, QR} = 2iZ ′ , {Q†R, Q†L} = −2iZ ′† .
(3.2)
It exhibits the automorphism QR ↔ Q†R, Z ↔ Z ′ associated [10] with the transition
to a mirror representation [15].
The superalgebra (3.1) leads to the constraint
M ≥ |Z|+ |Z ′| (3.3)
for the particle masses. The bound is saturated by 1/4 BPS states when both Z and
Z ′ are nonvanishing; when one of the central charges vanishes we deal with 1/2 BPS
states.
7
In the models (2.13) with the twisted mass one can use canonical quantization to
determine the central charges. In the classical approximation, i.e. without anomalous
contribution from quantum loops, the central charge Z ′ vanishes and Z takes the
form [5, 10],
Z =
r∑
a=1
ma q
a − i
∫
dz ∂z O . (3.4)
Here qa are the charges of the global U(1) symmetries of the model, Eq. (2.6),
qa ≡
∫
dz J a0 , (3.5)
where the Noether currents in the CP(N−1) case are
J aµ = Gij¯
[
φ†j¯T ai
↔
∂µφ
i + ψ¯j¯T aγµ
(
ψi + Γilkφ
lψk
)]
. (3.6)
The second term in Eq.(3.4) clearly represents a topological charge. The operator O
is a local operator; its classical part is given by the Killing potentials Da,
Ocanon =
r∑
a=1
maD
a(φ, φ†) . (3.7)
Let us also introduce the current of the central charge ζµ,
ζµ = maJ aµ − iεµν∂νO , Z =
∫
dz ζ0 . (3.8)
To determine the loop corrections to the topological central charges which are
integrals of the total derivatives it is convenient to consider instead of the anticom-
mutators of the supercharges their anticommutators with the local supercurrent. In
the tree-level approximation the supercharges are presented as
Qα =
∫
dzJ0α ,
Jµα =
√
2Gij¯
[DNφ†j¯ Γ¯Nγµψi]α = √2Gij¯[∂νφ†j¯γνγµψi + iφ†j¯γµµa ψi]α .
(3.9)
where we use the notation µa = ma(1+ γ5)/2+ m¯a(1−γ5)/2. Consider the anticom-
mutator of the supercurrent Jµα and supercharge Q¯β. The canonical commutation
relations lead to{
Jµ,α , Q¯β
}
canon
= 2
{
γνϑµν − i
2
6∂ Vµ + 1− γ5
2
ζµ +
1 + γ5
2
ζ†µ
}
αβ
, (3.10)
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where ϑµν is the energy-momentum tensor and Vµ is the vector fermionic current,
Vµ = Gij¯ψ¯j¯γµψi . (3.11)
Note that at tree level this current is algebraically related to the axial current Aµ,
Aµ = −εµνV ν = Gij¯ψ¯j¯γµγ5ψi . (3.12)
The current of the central charge ζµ is defined in Eq. (3.8). Its topological part is
expressed via a local operator O whose classical part is given in Eq. (3.7).
In Secs. 5-8 we will calculate the quantum part of the operator O which represent
the anomalous contribution to the central charge Z,
Oanom = −g
2
0b
4pi
( r∑
a
maD
a +Gij¯ ψ¯
j¯ 1− γ5
2
ψi
)
, (3.13)
where b stands for the first coefficient in the Gell-Mann–Low function. In the
CP(N−1) case b = N and r = N−1. The relation (2.3) between the Ricci ten-
sor and the metric allows to rewrite Eq. (3.13) as
Oanom = −g
2
0b
4pi
r∑
a
maD
a − 1
4pi
Rij¯ ψ¯
j¯(1− γ5)ψi . (3.14)
No anomaly appears in Z ′, so this central charge vanishes both at the classical and
quantum levels.
The anomalous part of the topological current enters the supermultiplet of anoma-
lies; other entries are the divergence of the axial current ∂µAµ, the superconformal
anomaly in the supercurrent γµJµ, and conformal (or dilatational) anomaly in the
trace of the energy-momentum tensor ϑµµ. All these anomalies will be determined
too.
4 How do we learn of the existence of the central
charge anomaly?
In the next section we will construct the supermultiplet of anomalies using the su-
perfield description. In fact, the anomalous bifermion term in the central charge, see
Eq. (3.13), was derived in [5] in the m = 0 case from the superconformal anomaly
using the N = 2 supersymmetry of the model. That the bifermion operator must
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be accompanied at m 6= 0 by a pure bosonic one follows from supersymmetry to-
gether with gauge invariance, as we will see in the next section. It also follows from
renormalization properties at one loop (see Section 6).
The occurrence of the anomaly in the central charge can be seen from the following
argument. In the CP(1) model with twisted mass an exact expression for the central
charge in the case of the soliton carrying a nontrivial topologic quantum number was
obtained by Dorey [10] on the basis of a mirror formula of Hanany–Hori [15] (see
also the discussion at end of this Section),
〈
Z
〉
kink
= − i
2pi
{
m log
m+
√
m2 + 4Λ2
m−√m2 + 4Λ2 − 2
√
m2 + 4Λ2
}
. (4.1)
Note the infinite multivaluedness associated with branches of the logarithm, in ad-
dition to the square-root branches reflecting the vacuum structure (two vacua in the
CP(1) model). Resulting structure of monodromies provides an extra check of the
expression (3.4) for the central charge: every 2pi rotation in the complex plane of m2
at large m2 shifts the U(1) charge q in (3.4) by one unit, and also changes the sign
of the topological charge, transforming soliton into antisoliton.
Let us consider the quasiclassical limit of Eq. (4.1) when the mass m is real and
large, m≫ Λ. In this limit
〈
Z
〉
kink
= −im
2pi
[
log
(
− m
2
Λ2
)
− 2
]
=
1
2
m− im
(
2
g20
− 1
2pi
log
M20
m2
)
+
im
pi
, (4.2)
where g20 is the bare coupling constant, and M0 is the ultraviolet cut off. The
first term in the second line reflects the fractional U(1) charge, q = 1/2, carried
by the soliton.4 The second term coincides with the one-loop corrected average of
(−i∫dz∂zOcanon) in the central charge. The third term im/pi represents the anomaly.
Indeed, one can readily check that the charge renormalization for 4pi/g20 is given by
logM20 /m
2, with no nonlogarithmic constant. The same statement applies to the one-
loop correction in Ocanon, which identically coincides with the charge renormalization.
The presence of the nonlogarithmic constant in Eq. (4.2) demonstrates the need for
the bosonic term −mg20D/2pi in the central charge anomaly
Oanom = − 1
2pi
(
mg20D − iR ψ†R ψL
)
. (4.3)
4The reason for the occurrence of half-integer charge is explained in detail in the lecture [16].
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The necessity to have also the bifermion part of the anomaly can be seen in the
semiclassical approach from the absence of higher loops in the expression (4.2); it
contains only the one-loop term. Indeed, without the bifermion term the operator
Oanom is not renormalization-group invariant, the first loop brings in the factor 1 −
(g20/4pi) logM
2
0 /m
2 in 〈D〉, as we discussed above. The logarithmic mixing of ψ†R ψL
with D leads to cancellation of the logarithms and makes Oanom renormalization-
group invariant.
To conclude this section we would like to note, for completeness, that:
(i) The matrix element of the operator Oanom in the central charge anomaly (more
exactly, the difference of its vacuum averages in two vacua of the model at hand) can
be found exactly,
∆
〈
Oanom
〉
= −1
pi
√
m2 + 4Λ2 . (4.4)
(ii) The above-mentioned mirror representation [15] from which Eq. (4.1) ensues is
quite straightforward in the case under consideration. For the CP(1) model with
twisted mass the mirror representation introduces a superpotential,
W = i
2pi
{
z +
Λ2
z
−m log z
}
, (4.5)
where z is a chiral superfield. This superpotential has two critical points, where
∂W/∂z|z=z± = 0,
z± =
m±√m2 + 4Λ2
2
.
The central charge (4.1) is given then by W(z+)−W(z−).
We will return to the BPS solitons in Section 9 to discuss their spectrum as a
function of the complex parameter m, particularly, the issue of the curve of marginal
stability.
5 Supermultiplets of currents and anomalies
The anticommutator (3.10) demonstrates that the supercurrent Jµ and energy-mo-
mentum tensor ϑµν enter the same supermultiplet, together with the fermion current
Vµ and the current of the central charge ζµ. All these objects can be viewed as
different components of one and the same superfield Tµ, let us call it hypercurrent,5
Tµ = Vµ +
[
θγ0Jµ + h.c.
]− 2θ¯γνθ ϑµν + [θ¯(1 + γ5)θζµ + h.c.]+ . . . . (5.1)
5Often this superfield is called supercurrent but we use this term for Jµ.
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In the subsequent equations we refer to the CP(1) case – the generalization is straight-
forward.
In CP(1) the hypercurrent Tµ can be written as
T µ = 1
2
(γ0γµ)βαT βα , T βα = GD¯β(Φ†eV ) e−VDα(eVΦ) , (5.2)
where Dα, D¯β are conventional spinor derivatives, and the metric G = ∂
2Km/∂Φ ∂Φ
†
should be viewed as a superfield. Only two components of T βα are relevant to the
hypercurrent T µ. With our choice (2.2) of γ matrices they are T 11 = T 0 + T 1 and
T 22 = T 0 − T 1.
At the classical level
D¯1T 11
∣∣
class
= −2im¯D¯1D˜ , D¯2T 22
∣∣
class
= −2imD¯2D˜ , (5.3)
where
D˜ =
2
g20
Φ†eVΦ
1 + Φ†eVΦ
(5.4)
is the superfield generalization of the Killing potential, see Eq. (2.8). Applying the
Hermitean conjugation we get similar equations for D1T 11 and D2T 22.
At the quantum level the one-loop anomalies in the twisted CP(1) modify the
right-hand side of Eq. (5.3),
D¯1T 11 = −2iD¯1
{
m¯D˜ − g
2
0
4pi
iDαD¯αK
}
,
D¯2T 22 = −2iD¯2
{
mD˜ − g
2
0
4pi
iDαD¯αK
}
.
(5.5)
The coefficient of DαD¯αK in the anomalous part is fixed by the trace anomaly ϑ
µ
µ ,(
ϑµµ
)
anom
=
g20
2pi
G
(
∂µφ
†∂µφ− |m|2φ†φ) , (5.6)
which follows from the one-loop β function. In Eq. (5.5) this anomaly enters the
component linear in θ.
The generalization of (5.5) to an arbitrary symmetric Ka¨hler target space is
straightforward:
D¯1T 11 = −2iD¯1
{∑
a
m¯aD˜
a − bg
2
0
8pi
iDαD¯αK
}
,
D¯2T 22 = −2iD¯2
{∑
a
maD˜
a − bg
2
0
8pi
iDαD¯αK
}
.
(5.7)
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Note that the superfield DαD¯αK = (D2D¯1 −D1D¯2)K which contains all anomalies
is the difference of the twisted chiral superfield −D1D¯2K and its complex conjugate,
the twisted antichiral field −D2D¯1K . Only the antichiral (chiral) part contributes
in the first (second) line of Eq. (5.7).
Consistency of the above equations with Lorentz symmetry is clear because the
anomalous addition DαD¯αK to the Killing potential is a Lorentz scalar. To demon-
strate consistency with reparametrization invariance in the target space we can
rewrite Eq. (5.7) as
D¯1T 11 = −2iD¯2
{(
1− bg
2
0
4pi
)∑
a
m¯aD˜
a +
ibg20
8pi
T 21
}
,
D¯2T 22 = 2iD¯1
{(
1− bg
2
0
4pi
)∑
a
maD˜
a − ibg
2
0
8pi
T 12
}
.
(5.8)
The above equations contain all anomalies. In particular, the lowest component
of the braces in the second equation in (5.5) gives Ocanon + Oanom for the central
charge Z, see Eqs. (3.4), (3.7) and (3.13). More details about the component form
of different anomalies are given in the next section.
It is interesting to compare the results above with the superfield description of
anomalies in 4D super Yang–Mills (SYM) theory (for a review see [11]). In N = 1
SYM the hypercurrent
Tµ = − 2
g2
(σµ)
αα˙Tr
[
eVWαe
−V W¯α˙
]
= Rµ− [iθαJµα+h.c.]− 2 θσν θ¯ ϑµν+. . . , (5.9)
contains the axial current Rµ = (1/g
2)λσµλ¯ (as its lowest component) together with
the supercurrent and energy-momentum tensor. All anomalies are collected in the
relation
D¯α˙T αα˙ = b
24pi2
DαTrW 2 , (5.10)
where b is the first coefficient in the Gell-Mann–Low function in SYM. The similarity
with Eq. (5.5) is clear. There is no classical part in the case of SYM. The chirality of
spinor derivatives is different on the opposite sides of Eq. (5.10) but not in Eq. (5.5).
This distinction goes away if one passes to the twisted superfield chirality in Eq. (5.5).
A real distinction refers to ∂µT µ which vanishes for sigma models but not for SYM
[11].
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6 The central charge anomaly from the supercon-
formal anomaly
In the case of CP(1), the full expression for the central charge in the algebra (3.4)
is 6
Z = mq − i
∫
dz ∂z
{
mD − 1
2pi
(
mg20D − i Rψ†R ψL
)}
, (6.1)
where q stands for the Noether charge of the global U(1). In this section we will derive
this expression using supersymmetry of the model to connect it to the superconformal
anomaly γµJµ. This derivation extends that of Ref. [5]. Simultaneously we will get
all other anomalies.
The covariant expression for the supercurrent Jµ is given in Eq. (3.9). Contracting
this conserved supercurrent with γµ we get in D = 2− ε dimensions
γµJµ = 2
√
2iGµφ†ψ + (γµJµ)anom ,
(γµJµ)anom =
√
2 εG
[
γν∂νφ
†ψ − iµφ†ψ] . (6.2)
The vanishing of γµJµ as ε→ 0 and µ→ 0 corresponds to the classical superconfor-
mal invariance. It is well known that this symmetry is anomalous. The conformal
anomaly manifests itself through the coupling constant renormalization
1
g20
=
1
g2
+
b
4pi
1
ε
, (6.3)
which cancels the factor ε. As we discussed earlier the first coefficient in the Gell-
Mann–Low function b = N for CP(N−1) model. Moreover, Eq. (2.3) which relates
the Ricci tensor and the metric allows us to rewrite the anomalous part of γµJµ as
(γµJµ)anom =
R√
2pi
[
γν∂νφ
†ψ − iµφ†ψ] = R√
2pi
ΓNDNφ†ψ . (6.4)
Let us now calculate the anticommutators of (γµJµ)anom with the supercharges Q
and Q¯. To this end we use the action of the supercharges on the fundamental fields
collected in the Appendix, see Eqs. (A.3), (A.5). For the anticommutator with Q we
get
{(γµJµ)anomα , Qβ} = 0 . (6.5)
This shows that there is no one-loop quantum correction in the anticommutator
{Qα, Qβ}. Thus, the central charge Z ′ remains vanishing.
6The factor i in front of Rψ†R ψL is missing in Eq. (10.9) of Ref. [5].
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Commuting (γµJµ)anom with Q¯ we arrive at{
(γµJµ)
anom
α , Q¯β
}
= 2
{ R
2pi
(
∂µφ∂
µφ− |m|2φ†φ)
+ γ5
1
4pi
[
2Rεµν∂µφ
†∂νφ+ i∂µ(Rψ¯γ
µγ5ψ)
]
− i R
2pi
µγµ∂µ(φ
†φ)− i
4pi
γµ
[
∂µ(Rψ¯ψ) + εµν∂
ν(Rψ¯γ5ψ)
]}
αβ
.
(6.6)
Compare this result with the general expression (3.10),{
Jµ,α , Q¯β
}
= 2
{
γνϑµν − i
2
6∂ Vµ + µ†
[Jµ + iγ5εµν∂νD]
−iεµν∂ν
[1− γ5
2
Oanom − 1 + γ5
2
O†anom
]}
αβ
,
(6.7)
where terms in the second line account for a loop modification of the central charge
current ζµ. No other modifications are allowed because of conservation of Jµ, ϑµν , Vν
and Jµ ; only the topological part could be modified. Convoluting (6.7) with (γµ)γα
and retaining only the anomalous part we arrive at{
(γµJµ)
anom
γ , Q¯β
}
= 2
{(
ϑµµ
)
anom
− i
2
γ5
(
∂µAµ
)
anom
−iγµεµν∂ν
[1− γ5
2
Oanom − 1 + γ5
2
O†anom
]}
γβ
,
(6.8)
where we use the axial current Aµ = −εµνVν .
Comparing terms with the unit matrix in Eqs. (6.6) and (6.8) we identify the
trace anomaly, (
ϑµµ
)
anom
=
R
2pi
(
∂µφ
†∂µφ− |m|2φ†φ) , (6.9)
while the terms with the γ5 matrix produce the axial anomaly(
∂µAµ
)
anom
= − 1
2pi
∂µ(Rψ¯γ
µγ5ψ) + i
R
pi
εµν∂µφ
†∂νφ
= − g
2
0
2pi
∂µAµ + i R
pi
εµν∂µφ
†∂νφ .
(6.10)
In the second line we again use the relation between the Ricci tensor and the metric,
R = g20G (this is for CP(1)), to write the fermionic part of anomaly as the divergence
of the axial current.
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The occurrence of the fermionic term ∂µAµ in the anomaly (6.10) is an interesting
feature of supersymmetry. The same feature is visible in the general equation (5.8),
it explains that we have one and the same coefficient for the fermionic part of the
axial anomaly and that in the central charge. Note that a similar phenomenon occurs
in 4D SYM [11].
From terms linear in γµ in Eqs. (6.6) and (6.8) we read off anomalous additions
to the central charge density,
Oanom = − 1
2pi
[
mg20D +
1
2
R ψ¯(1− γ5)ψ
]
= − 1
2pi
[
mg20D − iRψ†RψL
]
. (6.11)
In the comparison we used the relations
γµ∂µ = γ
µγ5εµν∂
ν , R ∂ν(φ†φ) = g20 ∂
νD . (6.12)
Equation (6.11) together with the canonical part Ocanon from Eq. (3.7) leads to the
expression (6.1) for the central charge Z quoted in the beginning of this section.
Let us add that, besides supersymmetry used above, there is one more indepen-
dent check of the expression (6.11). Namely, it should be renormalization-group
invariant. At one loop this is an easy exercise. All one has to do is to calculate
two tadpole graphs — one with the fermion loop and another with the boson one.
The tadpole graphs are logarithmically divergent. An appropriate regularization is
provided e.g. by the Pauli-Villars scheme.
Omitting simple details of the calculation in the constant background field φ we
give here only final results. The fermion tadpole yields
R ψ¯
1− γ5
2
ψ → − g
2
0
4pi
m
1− φ†φ
1 + φ†φ
log
|mR|2
|m|2 , (6.13)
where mR is the regulator mass. For the boson tadpole we get
mg20D → 2m
1− φ† φ
(1 + φ† φ)3
δφ† δφ→ g
2
0
4pi
m
1− φ† φ
1 + φ† φ
log
|mR|2
|m|2 . (6.14)
The tadpoles cancel each other in the sum.
7 The Pauli–Villars regularization
Strictly speaking, the dimensional regularization used for calculating the supercon-
formal anomaly is not fully compatible with supersymmetry. Although the problem
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probably does not arise at the one-loop level it is better to have an explicitly su-
persymmetric regularization. The Pauli–Villars regularization looks appropriate for
the one-loop considerations. The problem with it is that for heavy regulator super-
fields we need to add a superpotential to the theory, but, as a rule, this breaks U(1)
isometries which we need to preserve in the twisted mass theory.
The root of the problem is clearly seen in the framework of 3+1 dimensions where
the theory of one chiral field is anomalous with respect to interaction with the U(1)
gauge field. This anomaly produces no problem in reduction to the two-dimensional
twisted theory at the classical level, but when it comes to regularization we see a
similarity with the four-dimensional case.
This comparison gives us a hint. To get rid of the gauge anomaly in 3+1 dimen-
sions we should add an extra chiral field with the opposite U(1) charge. Let us try
the same trick in the 1+1 theory adding in the CP(1) model (2.20) an extra chiral
superfield with the mass parameter m of the opposite sign,
Ldouble =
∫
d4θ
[
Km(Φ
†
1e
VΦ1) +K−m(Φ
†
2e
−VΦ2)
]
=
2
g20
∫
d4θ
[
log
(
1 + Φ†1e
VΦ1
)
+ log
(
1 + Φ†2e
−VΦ2
)]
.
(7.1)
At the classical level we have just two non-communicating CP(1). We can add now
the superpotential W(Φ1,Φ2) which mixes the Φ1,2 fields,
∆Ldouble =
∫
d2θW(Φ1,Φ2) + h.c. = 2
g20
m0
∫
d2θΦ1Φ2 + h.c. . (7.2)
This superpotential preserves U(1) symmetry and introduces in addition to the
twisted mass m a“normal” mass m0 which mixes Φ1 and Φ2. We are not going to
modify the CP(1) model, so we put m0 = 0, but we will add a similar superpotential
for the Pauli–Villars regulators to make them heavy.7
Technically this means that we use the background field technique for the one-
loop calculation with the Lagrangian which is quadratic in quantum fields and has
7Note that this is a particular case of the construction of Ref. [17] which introduces unequal
number of fields of the opposite U(1) charges.
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the following form:
L(2)reg =
2
g20
∫
d4θ
(
1 + Φ†1e
VΦ1
)−2[
δΦ†1e
VδΦ1 − 1
2
(
δΦ†1e
VΦ1
)2 − 1
2
(
Φ†1e
VδΦ1
)2
+R†1e
VR1 − 1
2
(
R†1e
VΦ1
)2 − 1
2
(
Φ†1e
VR1
)2
+
(
1→ 2, V → −V )]
+
[ 2
g20
M
∫
d2θ R1R2 + h.c.
]
.
(7.3)
Here δΦi are the quantum deviations from the external fields Φi, and Ri are cor-
responding regulator fields. The regulator fields are quantized abnormally (by an-
ticommutators for bosons and commutators for fermions), so their loops have the
opposite sign and regulate the light-field loops. The cut-off parameter M enters the
regulator mass.
Let us start with the one-loop calculation of renormalization of the coupling
constant choosing the background fields in a very simple form,
Φ1 = Fθ
2 , Φ2 = 0 , (7.4)
where F is a constant. Then the component form of L(2)reg is
L(2)reg =
2
g20
[
∂µφ
†
1 ∂
µφ1 − (|m|2 + 2|F |2)φ†1 φ1 + ∂µφ†2 ∂µφ2 − |m|2 φ†2 φ2
+ iψ¯1γ
µ∂µψ1 − ψ¯1 µψ1 + iψ¯2γµ∂µψ2 + ψ¯2 µψ2
+ ∂µr
†
1 ∂
µr1 − (m2R + 2|F |2) r†1 r1 + ∂µr†2 ∂µr2 −m2R r†2 r2
+ iη¯1γ
µ∂µη1 − η¯1 µ η1 + iη¯2γµ∂µη2 + η¯2 µ η2 +
(
iMη1γ
0η2 + h.c.
)]
,
(7.5)
where φi, ψi are bosonic and fermionic components of δΦi and ri, ηi are the same for
Ri . We denote mR the regulator mass,
m2R = |m|2+ |M |2 . (7.6)
When integrating over quantum fields the boson and fermion loops do not cancel
each other only due to the additional |F |2 piece in the bosonic masses of the φ1 and
r1 fields. Thus, integrating out the quantum fields implies the following one-loop
correction:
Lone−loop = −2i|F |2
∫
d2k
(2pi)2
[
1
k2 − |m|2 −
1
k2 −m2R
]
= −|F |
2
2pi
log
m2R
|m|2 , (7.7)
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where we retain only linear in |F |2 terms. For the chosen background the original
Lagrangian is
L0 = 2
g20
|F |2, (7.8)
so we obtained the coupling constant renormalization,
2
g2
=
2
g20
− 1
2pi
log
m2R
|m|2 , (7.9)
in this particular regularization scheme. While we use a special background, the
reparametrization invariance allows us to generalize the result to arbitrary back-
grounds.
It is simple then to get the dilatation anomaly differentiating over the regulator
mass, (
ϑµµ
)
anom
= −mR d
dmR
Lone−loop = g
2
0
2pi
L . (7.10)
The result coincides, of course, with Eqs. (5.6) and (6.9). Supersymmetry relates
the dilatation anomaly to other anomalies, including the one in the central charge,
as we discussed in the two previous sections. In Section 5 we discussed the super-
multiplet of anomalies and its description in the superfield form while in Section 6
we did it starting from the superconformal anomaly. Of course, the Pauli–Villars
regularization can be used instead of dimensional regularization to calculate the su-
perconformal anomaly and then the central charge anomaly similarly to Section 6.
We omit presentation of this exercise here.
8 Ultraviolet regularization through higher
derivatives
Our aim in this Section is a direct calculation of the anomalous supersymmetry
commutator. We adapt the method of higher derivatives for ultraviolet regularization
following closely an earlier application of the method [18] to N = 1 two-dimensional
Landau–Ginzburg models.
Supersymmetry is explicitly preserved by this regularization, a real advantage
of the method, but Lorentz invariance as well as the reparametrization invariance
in the target space are lost. The advantage of introducing only spatial derivatives
is that the canonical formalism is essentially unchanged. The breaking of Lorentz
covariance does lead to some ambiguities, to be discussed below. The requirement
of the Lorentz symmetry restoration in the limit of M →∞ fixes the ambiguity.
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There is one more problem with the method of higher derivatives: while it reg-
ularizes the theory, i.e. calculation of amplitudes at any loop order, it does not
regularize matrix elements of currents at one loop. The problem is well known in
the case of gauge theories, additional Pauli-Villars regulators are needed to fix one-
loop calculations. As we will show below, one can avoid explicit introduction of the
Pauli-Villars regulators in the case of the central charge anomalies; this is similar to
the consideration in Ref. [18].
It proves sufficient for regularization to modify only the bilinear in the superfields
Φ, Φ† part of the CP(1) Lagrangian. In terms of the Ka¨hler potential this means
that
Kreg = Km +∆K , Km = log
(
1 + Φ†eVΦ
)
, ∆K = − 1
M2
Φ†eV ∂2zΦ . (8.1)
Here ∂z is the spatial derivative and M is the regulator mass to be removed at the
very end. To simplify notations we put g20 = 2, the one-loop results we are after do
not contain g20 anyway. In terms of component fields, one has:
Lm = G
{
DMφ†DMφ+ iψ¯γMDMψ +
(
F †+
i
2
Γ¯ψ†γ0ψ†
)(
F− i
2
Γψγ0ψ
)
+
R
2
(ψ¯ψ)2
}
∆L = − 1
M2
{
DMφ†DM∂2zφ+ iψ¯γMDM∂2zψ + F †∂2zF
}
.
(8.2)
The expression for Lm differs from Eq. (2.20) by restoring the dependence on the
auxiliary field F ; the expression of this field through others is modified by ∆L in the
regularized theory. Let us remind that in our notation the mass terms reside in the
extra components of the covariant derivatives.
The modified equations of motion become
G
[
DMDMφ+ iRDMφ ψ¯γMψ − Γ¯
(
F †− i
4
Γ¯ψ†γ0ψ†
)(
F− i
2
Γψγ0ψ
)
− i
2
Rψγ0ψ
(
F †− i
2
Γ¯ψ†γ0ψ†
)]− 1
M2
[
∂2zDMDMφ+ iΓ¯ψ¯∂2zγMDMψ
]
= 0 ,
G
[
iγMDMψ +Rψ(ψ¯ψ) + iΓ¯ψ
†
(
F− i
2
Γψγ0ψ
)]− i
M2
∂2zγ
MDMψ = 0 ,
G
(
F− i
2
Γψγ0ψ
)− 1
M2
∂2zF = 0 .
(8.3)
From the linearized form of these equations we see that in the regularized theory
both the bosonic and fermionic propagators acquire an extra factor M2/(p2z +M
2).
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Since the vertices are not modified, the modification of the propagators makes all
relevant diagrams convergent.
The supercurrent should also be modified, the original one in Eq. (3.9) which can
be written as
Jµ =
√
2GDMφ†γMγµψ (8.4)
is no longer conserved. Let us add to it
∆1J
µ = −
√
2
M2
DMφ†γMγµ∂2zψ , (8.5)
whose time component ∆1J
0 follows from ∆L in Eq. (8.2) as the Noether current.
Because of the Lorentz invariance breaking it is still not sufficient for current con-
servation. Indeed, using Eq. (8.3) we find
∂µ
(
Jµ +∆1J
µ
)
= −
√
2
M2
∂z
[
(DMDMφ†)
↔
∂zψ
]
. (8.6)
This means that we get the conserved supercurrent
Jµreg = J
µ +∆1J
µ +∆2J
µ (8.7)
adding to Jµ, Eq. (8.4), and ∆1J
µ, Eq. (8.5) an extra part
∆2J
µ = δµ1
√
2
M2
(DMDMφ†)
↔
∂zψ , (8.8)
which contributes only to the spatial component of Jµ.
The construction of the conserved current above is not uniquely defined — one
can add to Jµ terms of the type εµν∂νf which are automatically conserved. In other
words, one gets a different Noether current moving the action of ∂z from Φ to Φ
† in
the expression (8.1) for ∆K. While integration by parts does not affect the theory, it
does change the form of the current. This ambiguity is resolved by the requirement
of Lorentz invariance in our final results. We will see that the above choice satisfies
this condition.
Once the regularized current is constructed, we can find the current of the central
charge, ζµ, by the supertransformation,
ζµ =
1
2
Tr
1− γ5
2
{
Jµreg, Q¯
}
. (8.9)
Although we performed calculations of the central charge anomaly in the generic
case, to simplify the presentation we give below only the limit of vanishing twisted
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mass m, and also will work near the origin of the target space, φ = φ† = 0. There is
no canonical part in the central charge in this limit, only the anomalous bifermion
part.
The anticommutator (8.9) can be calculated using Eq. (A.3) from the Appendix.
Although adding higher derivatives changes the canonical quantization, supertrans-
formations of all fields stay the same. What changes is the expression for the auxiliary
field F . Instead of Eq. (A.4) the last equation in (8.3) should be used. Using also
the other equations of motion in Eq. (8.3) we arrive at
ζµ = − 2
M2
∂z
[ 1
1− ∂2z/M2
(
(ψ¯ψ)ψ¯
)
γµ
1− γ5
2
↔
∂ zψ
]
+ δµ1
2
M2
∂ν
[ 1
1− ∂2z/M2
(
(ψ¯ψ)ψ¯
)
γν
1− γ5
2
↔
∂ zψ
]
+ . . . ,
(8.10)
where dots denote terms containing higher powers of the bosonic fields. Comparing
temporal and spatial components of ζµ we see that
ζµ = − 2
M2
εµν∂
ν
[ 1
1− ∂2z/M2
(
(ψ¯ψ)ψ¯
)
γ0
1− γ5
2
↔
∂ zψ
]
+ . . . . (8.11)
It is now simple to calculate the fermion tadpole,
ζµ = − 2
M2
εµν∂
ν
[
ψ¯(1− γ5)ψ
] ∫ d2p
(2pi)2
p2z
p2(1 + p2z/M
2)2
+ . . .
=
i
2pi
εµν∂
ν
[
ψ¯(1− γ5)ψ
]
+ . . . .
(8.12)
This result is consistent with the previous expressions for the anomaly in the limit
φ, φ† → 0. Its Lorentz covariant form confirms our choice of the regularized current;
other choices break this.
9 The curve of marginal stability
In this section we consider the spectrum of BPS states in CP(1) following the analysis
[10]. There is a striking similarity between the CP(1) case and the Seiberg–Witten
solution [2, 3] for N = 2 SQCD in 4D with the SU(2) gauge group and two flavors.
Of particular interest for us is the curve of the marginal stability (CMS) in the plane
of the complex mass parameter m2 — a curve where a restructuring of the BPS
states occurs. The CP(1) model is quite instructive because we deal with elementary
functions in this case instead of elliptic integrals in the general case.
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The expectation value of the central charge Z over a BPS state can be presented
in CP(1) as 〈
Z
〉
q,T
= q m+ T mD , (9.1)
where q and T are integers corresponding to the Noether and topological charges
and [10]
mD = − i
2pi
{
m log
m+
√
m2 + 4Λ2
m−√m2 + 4Λ2 − 2
√
m2 + 4Λ2
}
. (9.2)
Note that the adequate variable is m2 rather than m. Indeed, changing the sign of
m is equivalent to the shift
θ→ θ + 2pi . (9.3)
Thus, the physical sheet of the Riemann surface is the complex plane of m2, for m
it would be half-plane. In this aspect we differ from Ref. [10] where the full complex
plane of m was considered.
The complex plane of m2 has a cut along the negative horizontal axis as it shown
in Fig. 1. When comparing m and mD on the opposite edges of the cut we observe
-1 1 2
-2
-1
1
2
Re m 2
Im m 2
0
Figure 1: Curve of marginal stability in CP(1) with twisted mass. We set 4Λ2 → 1.
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monodromy around infinity,
(m, mD)→ (−m, −mD −m) . (9.4)
Correspondingly,
(q, T )→ (−q + T, −T ) . (9.5)
For the BPS state its mass is just |〈Z〉q,T |, and the question is which integers
q and T correspond to physical stable states at a given value of the parameter m2.
Let us start with the range of large mass, |m2/4Λ2| ≫ 1. In this range we are at
weak coupling (quasiclassical domain) where the theory at hand has a rich spectrum
of BPS states. Namely, we have light “elementary states” with T = 0 and q = ±1
and heavy solitons with topological number T = ±1 and arbitrary integer value of
q. Each soliton comes with an infinite tower of stable BPS states corresponding to
all possible values of q, similar to dyons in SYM.
On the other hand, at |m2/4Λ2| ≪ 1 we are at strong coupling. It is well known
[10, 20] that in this domain the only BPS states that survive in the spectrum are
{T = 1, q = 0} and {T = −1, q = 1}
(together with their antiparticles, of course). One of these states becomes massless
at m2 = −4Λ2, more precisely, the {T = 1, q = 0} soliton on the upper side of the
cut, and {T = −1, q = 1} on the lower side. Thus, there is only one singular point
m2 = −4Λ2 in the m2-plane. This is different from SU(2) SYM where there are two
singular points, u = ±Λ2.
Restructuring of the BPS spectrum proves that the weak coupling domain must
be separated from strong coupling by a curve of marginal stability. That the CMS
exists was shown in [10], where it was not explicitly found, however. We close this
gap here.
The CMS is determined by the condition that the “electric,” q m, and “magnetic,”
TmD parts of the exact central charge (9.1) have the same phases. This is a very
simple condition,
Re
{
log
1 +
√
1 + 4Λ2/m2
1−√1 + 4Λ2/m2 − 2
√
1 + 4Λ2/m2
}
= 0 . (9.6)
The numeric solution to this equation is presented in Fig. 1 where m2 is measured
in units of 4Λ2.
The interval
Imm2 = 0, Rem2 ∈ [−1, 0] (9.7)
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represents an analytic solution of Eq. (9.6). However, this interval cannot be reached
without crossing the CMS (in fact, it is a part of the cut). If we start, say, at large
positive m2 and travel towards small m2 along the real axis, at m2 ≈ 2.31 we hit
a point where the elementary state {T = 0, q = 1} becomes a marginally bound
state of two fundamental solitons {T = 1, q = 0} and {T = −1, q = 1}. At slightly
larger m these solitons are bound, at smaller m attraction changes to repulsion, and
all towers of states disappear (see [19] for a detailed discussion).
As was mentioned in the beginning of this section there is a direct correspondence
between CP(1) in 2D and 4D N = 2 SQCD with SU(2) gauge group and two
flavors. The number of variables is, of course, larger in SQCD: besides the moduluar
parameter u we have two mass parameters, m1 and m2. The correspondence with
CP(1) takes place at u = m21 = m
2
2 which is the root of baryonic Higgs branch [10].
The massive BPS states in 2D and 4D theories are in one-to-one correspondence
upon identification q = ne and T = nm.
This correspondence is more general. Thus, 2D CP(N−1) corresponds to SU(N)
SQCD with N flavors in 4D [10]. For a generic number of flavors Nf ≥ N in 4D there
is also a 2D counterpart: a U(1)G gauge theory with N chiral fields with charge +1
and Nf−N chiral fields with charge −1 and twisted masses [17]. Moreover, extending
the 4D gauge group to SU(N)×U(1) allows one to eliminate the constraint on the
matter mass parameters (e.g. for SU(2)×U(1) one can consider m21 6= m22) [21, 22].
The latter is particularly instructive: the 2D theory emerges from the 4D one as a
low-energy effective theory on the world sheet of the non-Abelian string (flux tube)
which is a BPS soliton in the 4D theory.
An interesting question related to the 2D – 4D correspondence is what kind of
theory one gets at the point of singularity which in CP(1) is m2 = −4Λ2. From
the 4D point of view at u = m21 = m
2
2 = −4Λ2 the quark and monopole vacua
coalesce, a phenomenon known as the Argyres–Douglas point [23] where a nontrivial
conformal field theory arises. One might suspect that the corresponding 2D theory is
also nontrivially conformal. However, arguments based on the mirror representation
indicate against this hypothesis [24].
10 Conclusions
In four-dimensional super-Yang–Mills theory Ferrara and Zumino were the first to
point out [25] that the axial current, supercurrent and the energy-momentum tensor
belonged to a supermultiplet described by a hypercurrent superfield. The supercon-
servation of the hypercurrent is associated with the superconformal invariance of the
classical theory. At the quantum level this invariance is broken by anomalies which
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also form a supermultiplet [11]. Much later it was realized [6] that the anomaly
supermultiplet contains also the central charge anomaly.
Two-dimensional CP(N−1) models are known to be cousins of four-dimensional
super-Yang–Mills, which exhibit, in a simplified environment, almost all interesting
phenomena typical of non-Abelian gauge theories in four dimensions, such as asymp-
totic freedom, instantons, spontaneous breaking of chiral symmetry, etc. [4, 26]. In
spite of the close parallel existing between non-Abelian gauge theories in four dimen-
sions and two-dimensional CP(N−1) models the issue of the anomaly supermultiplet
and hypercurrent equation in the twisted mass CP(N−1) models has never been
addressed in full. Some aspects were analyzed and important fragments reported in
the literature [4, 5, 10] but, to the best of our knowledge, the full solution was not
presented.
We constructed the hypercurrent superfield and the superfield of all anomalies,
including that in the central charge. Thus, this question is closed.
As a byproduct, we found the curve of marginal stability in CP(1) in explicit
form.
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Appendix
In this Appendix we collect formulae related to the canonical quantization of the
CP(1) model.
We use the fields φ, φ†, and ψ as canonical coordinates, then the Lagrangian (8.2)
defines the conjugated momenta,
piφ = G∂tφ
† + Γpiψψ , piφ† = G∂tφ , piψ = iGψ¯γ
0 . (A.1)
Note the asymmetry between φ and φ†, and also between ψ and ψ¯. The canonical
commutation relations determine the equal-time commutators for the fields (and
their time derivatives),[
∂tφ
†(t, z), φ(t, z′)
]
= −iG−1δ(z − z′) , [∂tφ†(t, z), ψ(t, z′)] = iG−1Γψ δ(z − z′) ,[
∂tφ(t, z), φ
†(t, z′)
]
= −iG−1δ(z − z′) , [∂tφ(t, z), ψ¯(t, z′)] = −iG−1Γ¯ ψ¯ δ(z − z′) ,[
∂tφ(t, z), ∂tφ
†(t, z′)
]
= −iG−1[Γ∂tφ− Γ¯∂tφ† + iR ψ¯γ0ψ]δ(z − z′) ,{
ψα(t, z), ψ¯β(t, z
′)
}
= G−1(γ0)αβδ(z − z′) .
(A.2)
All other (anti)commutators vanish.
Using the expression (3.9) for the supercharges we can verify then that the canon-
ical commutators reproduce the SUSY transformations,
[φ , Q¯β] = 0 , [φ
†, Q¯β] = i
√
2 ψ¯β , {ψα , Q¯β} =
√
2 (/∂ − iµ†)αβφ ,
{ψ¯α , Q¯β} =
√
2 F¯ (γ0)αβ , [φ ,Qβ] = i
√
2ψβ , [φ
†, Qβ] = 0 ,
{ψα , Qβ} =
√
2F (γ0)αβ , {Qβ , ψ¯α} =
√
2 (/∂ + iµ†)βαφ .
(A.3)
Here
F =
i
2
Γψγ0ψ , F¯ = F † (A.4)
are the upper components of superfields Φ and Φ†.
Note that from Eq. (A.3) it follows that
{Gψα , Qβ} = 0 , {Gψ¯α , Q¯β} = 0 . (A.5)
We used these relations to determine the anticommutators of the the currents and
supercharges.
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